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Abstract
We present new static spherically-symmetric exact solutions of Einstein equations with
the quintessential matter surrounding a black hole charged or not as well as for the case
without the black hole. A condition of additivity and linearity in the energy-momentum
tensor is introduced, which allow one to get correct limits to the known solutions for the
electromagnetic static field implying the relativistic relation between the energy density
and pressure, as well as for the extraordinary case of cosmological constant, i.e. de Sitter
space. We classify the horizons, which evidently reveal themselves in the static coordinates,
and derive the Gibbons-Hawking temperatures. An example of quintessence with the state
parameter w = −2/3 is discussed in detail.
1 Introduction
Recent astronomical observations convincingly show the accelerating expansion of Universe [1],
implying a valuable presence of state with the negative pressure. The origin of the negative
pressure could be twofold. The rst is the cosmological constant, while the second is the so-
called quintessence with the state equation given by the relation between the pressure pq and
the energy density ρq, so that pq = wq ρq at wq in the range of −1 < wq < −13 , which causes
the acceleration1. The border case of wq = −1 of the extraordinary quintessence covers the
cosmological constant term. As was recognized [3, 4, 5], the acceleration makes a challenge for
the consistent theory of quantum gravity because of the outer horizon, which does not allow one
to introduce the observable S-matrix in terms of asymptotic past and future states. The outer
horizon of de Sitter space is signicantly diers from the inner horizon of black hole, which has
asymptotically flat space far away from the black hole.
The future horizon for the Robertson{Walker metric with the accelerating scale factor caused
by the quintessence was studied in [3]. In this paper we investigate the Einstein equations for
the static spherically-symmetric quintessence surrounding a black hole and solve them exactly
for a specic choice of a free parameter, characterizing the energy-momentum tensor of the
quintessence, Tµ
ν . So, under the spherical symmetry of a static state one can write down a
general expression for the time and spatial components
Tt
t = A(r), Tt
j = 0, Ti
j = C(r) ri r
j + B(r) δi
j ,
with the metric
ds2 = gtt(r) dt
2 − grr(r) dr2 − r2(dθ2 + sin2 θ dφ2),
1The phenomenological constraints on the value of wq are given in [2].
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and after averaging over the angles of isotropic state we get
hTiji = D(r) δij , D(r) = −1
3
C(r) r2 + B(r).
For the quintessence we have
D(r) = −wq A(r).
Therefore, xing the state parameter wq gives the expression for the function D(r) being the
combination of C(r) and B(r), in terms of density A(r), while wq itself does not provide us
with the complete information on the form of energy-momentum tensor in the static spherically-
symmetric case.
The problem with the free quintessence under the condition of
C(r)  0
was considered in [6] and in [7] by P.F.Gonzalez-Diaz. The result was the metric, which has no
horizon, no ‘hair’ and no black hole, i.e. the metric does not allow one to ‘embrace a black hole
term’.
In the present paper we consider nonzero C(r) proportional to B(r), so that the exact solutions
with the black hole charged or not are possible, including the generalization to the asymptotically
flat or de Sitter space. The appropriate constant coecient C(r)/B(r) is dened by the condition
of additivity and linearity, and it allows us to get correct limits for the well know cases of the
relativistic matter of electric eld for the charged black hole (wq =
1
3
), the dust matter of wq = 0,
and the extraordinary quintessence with wq = −1, i.e. the cosmological constant.
We nd that in the static coordinates the exact solutions of spherically-symmetric Einstein
equations for the quintessence produce the outer horizons at −1 < wq < −13 in the cases of free
state as well as for the black hole surrounded by the quintessence.
In section 2 we construct a general solution of spherically-symmetric static Einstein equations
for the quintessence satisfying the condition of the additivity and linearity, which allows us to
cover the problems with the black hole charged or not in the flat or de Sitter space. Section 3
is devoted to the consideration of examples and limits known for the relativistic matter and the
cosmological constant. The Gibbons{Hawking temperatures [8] of the free quintessence as well
as for the black hole surrounded by the quintessence with wq = −23 are described in Section 4.
The results are summarized in Conclusion.
2 Exact solutions in static coordinates
Following the notations in [9], we parameterize the interval of spherically-symmetric static grav-
itational eld by
ds2 = eν dt2 − eλ dr2 − r2(dθ2 + sin2 θ dφ2), (1)
with the functions ν = ν(r) and λ = λ(r). Then, in units with the normalization of gravitational
















































with u0 def= du(r)/dr. The appropriate general expression for the energy-momentum tensor of
quintessence is given by
Tt
t = ρq(r), (6)
Ti
j = ρq(r) α








so that the spatial part is proportional to the time component with the arbitrary parameter B








j = −pq(r) δij , (8)
since we put hri rji = 13 δij rnrn. Therefore, we derive the relations




The quintessential state has
−1 < wq < 0 =) −3 < α < 0.




r =) λ + ν = 0, (10)
without any lose of generality due to the static coordinate system xed by the above gauge of
λ + ν = const = 0.
Then, substituting for
λ = − ln(1 + f),
we get linear dierential equations in f , so that
Tt
t = Tr
r = − 1
2 r2
(f + r f 0), (11)
Tθ
θ = Tφ
φ = − 1
4 r
(2f 0 + r2 f 00). (12)
Eqs. (11) and (12) imply that the linear sum of various solutions for f is transformed to the sum







The condition of the additivity and linearity xes the free parameter of the energy-momentum
tensor for the matter












ρq (3wq + 1), (15)
Making use of (11)-(12) with (14)-(15), we deduce
(3wq + 1) f + 3(1 + wq) r f
0 + r2 f 00 = 0,








where c and rg are the normalization factors. The function of fBH represents the ordinary
Schwarzschild solution for the point-like black hole, and it coincides with the particular choice of
dust matter with wq = 0 in fq, which gives ρq = 0 at r 6= 0.






we deduce that the sign of the normalization constant should coincide with the sign of the matter
state parameter, i.e.
c wq > 0,
implying that c is negative for the quintessence.
The curvature has the form
R = 2 Tµ




and it has the singularity at r = 0, if wq 6= f0, 13 ,−1g.
Thus, we have found a general form of exact spherically-symmetric solutions for the Ein-
stein equations describing black holes surrounded by the quintessential matter with the energy-
momentum tensor, which satises the condition of the additivity and linearity in accordance with




















3wn+1# − r2(dθ2 − sin2 θ dφ2), (19)
where rg = 2M , M is the black hole mass, rn are the dimensional normalization constants, and
wn are the quintessential state parameters.
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3 Some examples
Let us start with checking the important limits, i.e. the charged or non-charged black holes in
the asymptotically flat and de Sitter spaces.
The electrically charged black hole surrounded by the static spherically-symmetric electric
eld corresponds to the case with the relativistic matter state parameter w = 1
3
. The general
solution of (19) with
grr = − 1
gtt
gives the Reissner{Nordstro¨m metric for the charged black hole or the Schwarzschild one at the
charge equal to zero, e = 0, so that

















Therefore, we get convincing reasons to see that the condition of the additivity and linearity
allows us to maintain the valid limits to the known solutions for the spherically-symmetric black
holes, which have a rigorous physical meaning.
















which has the meaningful limits with no charge (e = 0), no de Sitter curvature (a2 !1) as well
as the self-gravitating quintessence without the black hole (rg = 0 and e = 0).
In what follows, the characteristic example we are going to study in detail corresponds to the






















dr2 − r2(dθ2 + sin2 θ dφ2), (24)











dr2 − r2(dθ2 + sin2 θ dφ2). (25)






















and t ! t/2rq, we nd the hyperbolic representation of interval
d~s2 = 4r2q e
−2χ dt2 − dχ2 − sinh2 χ (dθ2 + sin2 θ dφ2) , (26)





dt2 − dχ2 − sinh2 χ (dθ2 + sin2 θ dφ2) . (27)
Eqs. (26) and (27) reveal that at χ ! 1, i.e. near the horizon, these two metrics are innitely










Next, under the Fock transformation from the hyperbolic coordinates to the flat ones,
τ = et cosh χ, (28)



















dτ 2 − dρ2 − ρ2 (dθ2 + sin2 θ dφ2) , (31)
which allows the treatment in terms of Friedmann{Robertson{Walker evolution of flat universe,
in contrast to (30), which reveals the dependence of conformal factor on both the time and the
distance from the singular point at ρ = 0.
The constant curvature of de Sitter space allows one to write down the invariant presentation
in the 5-dimensional Minkowski space2 in terms of
z0 =
p
a2 − r2 sinh[t/a],
z4 =
p
a2 − r2 cosh[t/a], (32)
zi = ri, i = f1, 2, 3g,
so that
z20 − z24 − z2i = −a2,
2The metric is given by diag(1,−1,−1,−1,−1).
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with the SO(1,4) invariance. For the static quintessential state one can introduce the analogous





























~zi = ri, i = f1, 2, 3g,
so that







with the evident 4-parametric symmetry of SO(1,1)⊗SO(3). The corresponding surface is not
smooth. It is represented in Fig. 1 by putting z2 = z3 = 0. The intersections of two sheets take
Figure 1: The surface of (34) at z2 = z3 = 0.
splace at z1 = 0, i.e. at r = 0, where the curvature has the singular point, and the continuation
into the external wings corresponds to the negative r and, hence, the negative curvature.
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4 Horizons and thermodynamics
Using (22) we see that the free quintessence generates the outer horizon of de Sitter kind at
r = rq if
−1 < wq < −1
3
,
or the inner horizon of the black hole kind at r = rq if
−1
3
< wq < 0.













In the characteristic case of the neutral black hole surrounded by the quintessence with wq = −23






















rg < rin < rout < rq.

















implying that the quintessence decreases the temperature of isolated black hole Tg, while the
black hole increases the temperature of free quintessence.
The minimal temperature Tin, outQBH = 0 corresponds to the degenerate case of rq = 4rg.
5 Conclusion
We have got exact solutions of Einstein equations for the static spherically-symmetric quintessen-
tial state free or surrounding a black hole charged or not. These solutions are possible under the
special choice of internal parameter in the energy-momentum tensor of quintessence, depending
8
on the state parameter wq. The corresponding condition of the additivity and linearity results in
the linear equations for the various matter terms consistent with the simple summation of their
contributions in the total energy-momentum tensor.
The free spherically-symmetric quintessential state in the static coordinates reveals the outer
horizons of de Sitter kind at wq < −13 in agreement with [3]. We have calculated also the
temperatures at horizons in some specic examples.
This work is supported in part by the Russian Foundation for Basic Research, grants 01-02-
99315, 01-02-16585, and 00-15-96645.
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